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abstract

The relative merits of two most popular models predicting the productivity of timber extraction are 
compared. An explanation of parallel and converging model curves is proposed.

The results are obtained mainly by mathematical consideration based on plausible assumptions: for 
each extraction technology there is an optimal load volume which can be impossible to achieve when the 
extracted sections are to large. The derived models are hyperbolic with respect to log volume and with parallel 
or converging lines corresponding to different distances. Power function models are found to be of limited 
use. A combined model with parallel lines for smaller sections and convergin for larger ones is proposed for 
further investigation.
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introDuction

The time consumption of wood extraction is known to depend mainly on 
extraction distance and log sizes. The most appropriate measure of log sizes is mean log 
volume, i.e. the mean volume of the extracted objects – mainly logs, but also whole trees, 
pruned stems or previously packed packages (MLVH, 1972). Other predictors of time 
consumption are also often used instead of mean log volume – mean stem volume (Hilf, 
1928; Shelekhov, Denisyev, 1956; Löffler, 1984), mean log diameter (Speidel, 1968), 
mean load volume, etc., but extraction time models based on them are limited to some 
assortments (e.g. long materials, standard sawn logs, poles, piled wood).

The dependence on extraction distance is known to be linear (Fig. 1), although 
some authors fit quite succesfully power functions to it. The dependence on log sizes is 
hyperbolic (Fig. 2). These two features define the function

lbb
v

laat 21
21 ++

+
=       (1),

where in t is time consumption in h/m³, l is extraction distance in m, v is log 
volume in m³ and a1, a2, b1 and b2, are regression coefficients. Being linear in relation to 
its coefficients, it can be fitted by means of simple linear regression. 

Although the theory gives a simple log volume v in the denominator of hyperbolic 
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functions (Löffler, 1984), v is often replaced by a power function vn in order to improve 
fitting. This modification requires nonlinear regression, however. 
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Another modification replaces v with the polynomial c0 + c1v + c2v
2 thus avoiding 

nonlinear regression but incurring the risk of zero or negative values in the denominator. 
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We shall term equation (1) and its modifications the hyperbolic model. Fig. 3 and 
4 illustrate the curve families generated by this model. For the illustration, the approbated 
source (MLVH, 1972) was chosen. The dots represent the standard times and the curves – the 
model, fitted to them. Log volumes are given in litter (=0.001m³). The curves correspond to 
different extraction distances with a difference of 100 m between the neighbouring curves. 
Fig 3 represents mechanized wood extraction. Its curves look parallel, i.e. the vertical distance 
between two curves remains almost constant along their entire length. Fig. 4 represents wood 
extraction with animals. Unlike Fig. 3, the vertical distance between its curves decreases 
apparently as the mean log volume increases. The visual effect is that the curves get closer 
to each other in the right part of the plot. A review of publications and data shows that this 
difference in behaviour between mechanized extraction and animal extraction models is 
systematic. Both families are equidistant, however, i.e. the vertical distances from each curve 
to its two immediate neighbours are equal for every mean log size.

Convergent curves are not absolutely mandatory in animal transport. Models 
with parallel lines occur in case studies. Qazi, Mousavi (2017) published a time study 
with small timber and short extraction distances. They fitted equation (1) to time 
consumption measurements but the regression procedure eliminated the coefficients a2 
and b1 yielding a family of parallel curves. 

Another known model is the multivariate power function 
t = av nl m       (2),
wherein a, n and m are regression constants. For timber extraction it is used mainly in 

older works (Marosvölgyi, Rumpf, 1991). We shall term it the power function model. It lacks 
any theoretical foundation but is still popular for modelling time consumption. It is non-
linear but is easily linearised (in earlier times by plotting on logarithmic paper). To illustrate its 
properties, we have fitted it to experimental data. Fig. 5 shows the curve family it generates. 
There, the curves get closer to each other in the right part of the graph like in Fig. 4 but unlike 
both Fig. 3 and 4 the curves are not equidistant – they tend to condense in the upper part of 
the bundle. The fitting parameters are quite good (Table 1) unlike the behaviour of the model. 
As the vertical distance between two curves in Fig. 5 depicts the additional time that is needed 
to carry the load to further 10 m, the graph indicates that each new 10 m are easier for the 
animal(s) to walk than the previous ones which is the contrary to what could really happen.
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fig. 1. Linear dependence of time consumption on distance (skidding of conifer logs with universal tractor 
and 2 workers, mean log volume 0.125 m³ (MLVH, 1972))

fig. 2. Hyperbolic dependence of time consumption on log volume in liter (skidding of conifer logs with 
universal tractor and 2 workers, extraction distance 250 m (MLVH, 1972))
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fig. 3. Hyperbolic model with parallel lines (skidding of conifer logs with a universal tractor and 2 workers)

fig. 4. Hyperbolic model with converging lines (skidding of conifer logs with 1 horse)
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analysis

Model properties
Since time consumption is a strictly positive value the coefficients of the hyperbolic 

model a1, a2, b1 and b2 must be non-negative. When present, n must be also positive 
because t is a decreasing function of log volume. 

Time consumption can be independent of mean log volume in which case a1 = 
a2  = 0. This is often the case of extraction of previously stacked piled wood (MLVH, 
1972) which is easy to load. On the opposite, time cannot be independent on distance, 
therefore either a2 or b2 must be positive, or both.
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fig. 5. Power function model (extraction of small hardwood in Northwest Iran, extraction distances 10-70 
m, experimental data after Qazi, Mousavi (2017)).

table 1. Fitting results

Model
unstandardized coefficients standardized 

coefficients t sig.
B std. error Beta

1

(Constant) 1.408 .352 3.993 .000

lnd -1.417 .106 -.599 -13.410 .000

lnl .404 .036 .500 11.181 .000

a. Dependent Variable: lnt
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The difference D between two neighbouring curves of the hyperbolic model is
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assuming that the curves are plotted for extraction distances with a difference of 
100 m. 

Let us note that the model curves are parallel when D is independent of v and the 
curves are equidistant when D is independent of l.

As D apparently does not depend on l, the curves of the hyperbolic model are 
equidistant. D is independent of v only for a2  = 0, otherwise a2 must be positive, which 
implies that D decreases. Thus, the curves of the hyperbolic model can be either parallel 
or convergent but they are equidistant in all cases.

In accordance with the above statements, all coefficients in Fig. 3 and 4 are 
positive. The model on Fig. 3 has a positive but quite small value of a2 that does not 
produce a visible effect. On the opposite, the value of a2  on Fig. 4 is 40 times larger and 
its effect is a visible convergence of the curves. 

As for formula (2), the coefficient a must be positive since so is t, n must be 
negative because t is a decreasing function of v and m must be positive because t is an 
increasing function of l. When extraction is considered independent on log volume the 
coefficient m may be 0. 

Because of positive m the time consumption tends to 0 when l → 0. This is a vice 
of the model, actually t should tend to a positive value because the time for loading is an 
independent value that can not be reduced by reducing distance.

By differentiation of (2) it is obtained that

lll
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−1 ,   

wherein the difference ∆l between the corresponding extraction distances should 
be relative small. Apparently, D does not depend on l only when m = 1 and it does not 
depend on v only when n = 0. For other n, D is always a strictly decreasing function of v 
because n is negative. Thus, the curves of the power function model are non-equidistant 
and convergent, except of some special cases.

For m = 1, equation (2) is a special case of (1), otherwise the models are different.
For m = 1 equation (2) acquires the form t = avnl which can be also considered 

a special case of equation (1) with the assumptions a1 = b1 = b2 = 0, i.e. it represents a 
hyperbolic model with converging curves. It can produce parallel curves only for n = 0 
which results in the useless model t = al. This means that the model can not produce 
equidistant parallel curves.

physical considerations
The total extraction time T is the sum of the time T1 for loading and unloading 

and the time T2 for travel (idle and loaded),
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T = T1 + T2.
Loading and unloading operations are undoubtedly subject to the hyperbolic law

b
v
at +=1 , 

wherein t1 is time consumption of loading and unloading and a and b are regression 
constants. Thus,  

VtT 11 = , 
wherein V is the total volume of the extracted mass. Let us note that T1 depends 

on v and it does not depend on extraction distance. 
For the travel time elementary physics conducts to the statement

C
s
lT 2

2 = , 

wherein s is the speed and C is the number of cycles observed. We assume for 
simplicity that the extraction distance under load and without load is the same and that 
the movement under load and without load occurs at the same speed (otherwise we must 
calculate the summary distance and an average speed). 

For the number of cycles C we can write

L
VC =

 ,
wherein L is the average load volume. Thus
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By dividing this on V , the equation 
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is obtained, wherein VTt =  is the time consumption of wood extraction. If the 
load volume L is independent of distance, equation (3) is linear with respect to l.

When extracting with machines, C is the optimal load volume and the term 

c
sL

 const2
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can be considered a constant. Finally we obtain the equation 

clb
v
at         (4),

wherein and a, b and c are regression constants. Equation (4) is the hyperbolic 
model with a2 = 0 and parallel model curves.

When extracting with animals, achieving of an optimal load is impossible with 
larger log sizes. From a given log size upwards, the animal can only carry one log  
and L  = v. From this equation and equation (3) it is obtained 

( ) b
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      (5).

In this case we obtain a hyperbolic model with converging curves and with a2 = 
2/s>0. 

On the other hand, small timber permits to compose an optimal load for the 
animals. In this range, equation (4) has to be applied.

Discussion 

Equation (3) means that the dependence of time consumption on extraction 
distance is linear. Therefore, the power function model should fit well only to limited 
data (Košir, 1992; Marosvölgyi, Rumpf, 1991).

From equation (4) it is certain that for mechanized extraction the hyperbolic 
model with parallel curves is appropriate. Models with nonparallel curves can fit quite 
well to case study data which use to be limited in scope (Marčeta, 2015; Nurminen et al., 
2006) but large scale studies result in the parallel lines the theory predicts as the already 
cited Czech standard (MLVH, 1972).

With animal extraction there is a difference between smaller and larger materials 
– equation (4) is appropriate for the smaller and equation (5) for the larger, with a 
transition zone between them. 

The existence of a range with parallel curves is confirmed by the results of Qazi, 
Mousavi (2017) whose time study has been made with relatively small wood. The 
existence of a range with converging curves is confirmed by the Czech standard and 
numerous case studies, eg. (Öztürk, Sentürk, 2017). 

Neither (1) nor its cited modifications can model the transition from parallel 
curves to converging curves. 

In experimental data record the range of converging curves should prevail since 
small materials are unprofitable and are relative rarely measured. 

The transition from parallel to convergent curves can be modelled with a variable 
coefficient a2.
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conclusions

Time consumption of timber extraction should be modelled with the hyperbolic 
function. 
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wherein t is time consumption in h/m³, l is extraction distance in m, v is log 
volume in m³ and n, a1, a2, b1 and b2, are regression coefficients. 

The use of the multivariate power function to this purpose should be considered 
obsolete. 

For mechanized timber extraction the coefficient a2 must be set to zero in order 
to obtain parallel model curves. In this case, positive values of this coefficient only reflect 
information noise.

On the opposite, for timber extraction with animals, this coefficient is necessary 
as its positive value makes the model curves get closer to each other for larger values of 
v. For animal extraction this behaviour is natural.

The above hyperbolic function does not take into account that for small logs the 
model curves must be parallel also for animal extraction. If precision is necessary, we can 
propose to this purpose the modification 

lbb
v

laat n 21
21 ++

+
=

γ
,

where γ  is a growth function, e.g. the function of Chapman-Richards,

NKve 




  1  .

This function switches a2  off for small values of v and switches it on for large ones. 
For the time being, we cannot report practical experience with the modified model.
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